ABSTRACT. We discuss sharpness in the Hausdorff Young theorem for unimodular groups. First the functions on unimodular locally compact groups for which equality holds in the Hausdorff Young theorem are determined. Then it is shown that the Hausdorff Young theorem is not sharp on any unimodular group which contains the real Une as a direct summand, or any unimodular group which contains an Abelian normal subgroup with compact quotient as a semidirect summand. A key tool in the proof of the latter statement is a Hausdorff Young theorem for integral operators, which is of independent interest. Whether the Hausdorff Young theorem is sharp on a particular connected unimodular group is an interesting open question which was previously considered in the literature only for groups which were compact or locally compact Abelian.
continuous character xo of G0 such that/(x) = Xo(*) f°r x E G0 and/(x) = 0 for x & G0. The first result of this paper is the following theorem. Theorem 1. If G is a locally compact unimodular group andf E Lp(G)for some p, 1 < p < 2, then ||/||^ = \\f\\p if and only iff is equal almost everywhere to a multiple of a translate of a subcharacter of G. Now let 5j,(G) denote the L'-Fourier transform on a locally compact unimodular group G, 1 <p < 2, i.e. the map/-» L¡. As a linear transformation from U(G) into L^(r), %(G) has norm at most 1 by Kunze's Hausdorff Young theorem. If G has a compact open subgroup, Theorem 1 shows that ||9J,(G)|| = 1 for all/», 1 <p < 2. Our second purpose is to estimate the norm of 5¡,(G) for groups G lacking compact open subgroups (e.g. connected noncompact groups). We provide two classes of examples of unimodular groups G with ||5j,(G)|| < 1 in § §3 and 5. The proofs will show that within these classes ||?S¡,(G)|| can be arbitrarily small. We do not consider here the problem of computing the norm exactly. §4 is devoted to a Hausdorff Young theorem for integral operators which is needed in §5.
A brief history of the problem is the following. The Hausdorff Young theorem for G = the circle group was proved by Young in 1912 forp = 2k/'(2k -1), k an integer > 2, and by Hausdorff in 1923 for all p, 1 < p < 2. The analog for Fourier integrals, i.e. G = R was established by Titchmarsh in 1924. For general locally compact Abelian groups the Hausdorff Young theorem was established by Weil in 1940. Kunze's result was new even for compact groups, except for a different form on compact groups [8] . Strong forms of the theorem are known on particular groups ( [10] , [11] ).
The forerunners of Theorem 1, aside from the works of Hewitt, Hirschman, and Ross already mentioned, are the theorems of Hardy and Littlewood, 1926, stating that equality holds in the original Hausdorff Young theorem only for characters of the circle group, and the remarkable theorem of Babenko in 1961 showing that Titchmarsh's Hausdorff Young theorem on R is not sharp, to wit:
If p = 2k/(2k -l), kan integer > 2, then ||/||, < Ap\\f\\p for all / e L'(R),
. This result of Babenko, as will be seen below, motivates and explains why Theorems 2 and 4 are true. For precise references to the original papers see [6, §43, Notes].
2. IS-maximal functions. Let G be a locally compact unimodular group with corresponding Lebesgue spaces LP(G), 1 < p < oo, relative to a fixed Haar measure dx. Let £ be the von Neumann algebra generated by the left regular representation A of G on L2(G). A regular gage m was defined by Segal [12] on the projections in £ as follows: If g is a projection in £ set m(Q) = \\f\H if Q = L¡ for some /in L2(G) and otherwise put m(Q) = oo. The resulting gage space T = (L2 (G ), £, m) is called the canonical dual gage space of G. We refer to [9] , [14] for properties of T.
Let 2 be the set of equivalence classes of unitary representations of a locally compact group G. Then Ii(G) equipped with the norm ||/|| = sup"62IM/)ll is a pre-C*-algebra whose completion is called the C*-algebra of G, denoted C*(G). The Banach space dual of C*(G) can be identified with the collection B(G) of linear combinations of continuous positive definite functions on G. The set B(G) is a commutative Banach algebra with unit under pointwise operations and is called the Fourier Stieltjes algebra of G. The Fourier algebra of G is the closed subalgebra A(G) of B(G) which is generated by the continuous positive definite functions with compact support. The study of A(G) and B(G) for an arbitrary locally compact group was initiated by Eymard [3] .
Theorem I. If G is a locally compact unimodular group andf G Lp(G)for some p, 1 < p < 2, then ||/||p. = ||/||p if and only if f is equal almost everywhere to a multiple of a translate of a subcharacter of G.
Proof. The proof is patterned after that of Hewitt and Ross [6, Theorem 43.17] . Let G0 be a compact open subgroup of G and Xo a continuous character of Gq. If / equals xo on G0 and is zero off G0 then, for 1 < p < oo, ||/||' = fGo dx = meas(G0) = c~x, say. Since/is a subcharacter, it is easy to verify that c/is selfadjoint and idempotent so that Lcf is a projection in £. Thus The proof of the theorem will be completed by showing that |/| is constant a.e. on H. To see this, multiply / by a scalar to get f(e) > 0 and let kv = f(e)~piv,2gx+br Then ku(e) = 1 and ||fc"L = \\k"\\A = kv(e) so that kv is a positive definite function. Now kv = f(e)-piv/2E(l + iv) =f(e)-'*'l2V\}\p'(2->")12.
But k" is positive in LX(T) so k"v = |£"| = l/l''. Thus k"" = k\ for all v and sgn/ = fc0 = kv = /(e-)-^2|/|""/2sgn/.
So on H, |/|" is constant depending on real s. The proof is complete.
Remark, us in [6, §43] it is possible to consider L'-maximal functions for 2 < p < oo. Namely/ G LP(G), p > 2, is L'-maximal if/also belongs to 11(G) for some r, 1 < r < 2, if/ (= the IT-Fourier transform off) belongs to L^(T) and U/H,/ = \\f\\p. Using Theorem 1 it is easy to show that the L'-maximal functions, 2 < p < oo, are precisely the same as the L'-maximal functions, 1 < p < 2, i.e. constant multiples of translates of subcharacters. To see this observe that/ E L*(T) ("I Lr'(T), and since/ < 2 < r'J E L2(T). Thus/is the inverse transform of /. Let g = \f\p^s¡jaf. We claim g is L^-maximal.
Indeed
</,*> = ff\f\p/'wfdx = / \f\x+p"dx = / \f\"dx = 1 without loss of generality. Thus 1 = </,*> = </,g> < ll/ll"ltéll, < 11*11, = 11/11^ = 1 and so g is //-maximal. Now since 1 < p' < 2, Theorem 1 implies that 1/1plplsgn /is a.e. a translate of a constant multiple of a subcharacter and so the same holds for/.
3. Direct products. In §3 we established this conjecture for central topological groups. In the next section the conjecture is established for any locally compact group G which is a semidirect product A \ X of an Abelian group A and a compact group X (acting on A), e.g. the groups of rigid motions of Euclidean space.
As in the proof of Theorem 2 use will be made of Babenko's theorem (i.e. that ||9J,(R)|| < 1) and elementary direct integral decompositions. However, a new element is needed, namely a Hausdorff Young theorem for integral operators, which we state as a separate theorem because of its independent interest. I am indebted to E. M. Stein for essentially stating this theorem and for the reference [1] .
Let X and Y be a-finite measure spaces with measures denoted by dx and dy. Proof. By a density argument which is outlined below it is sufficient to establish the theorem for simple functions k of the form k -2 <x¡Xa¡xb, where {A¡} (resp. {/?,}) is a finite disjoint family of measurable subsets of X (resp. Y) of finite measure. For notation's sake let/, = Xa? Sí = Xb, and let |^4| denote the measure of a set A. Then K*K = 2 kHl/zlÎlIgilË^ where {Pj is a finite family of mutually orthogonal one-dimensional projections on L2(X). It follows that IIA1I, = (2 MUMaWf1' -(2 WWW2)«'. The function k belongs to the Banach spaces determined by finiteness of the norms ||&||A^, 11^*11^, ll&ll^-There is a simple function s on XX Y such that II& -j|| is small in all three norms. Here we have used a bounded convergence theorem for the spaces LM with mixed norm [1, p. 302]. Write s = 2 atXE, with {E¡} a mutually disjoint family of measurable subsets of X x Y. For each E, choose a measurable set F¡ which is a disjoint union of measurable rectangles with the measure of Et¡ A.F¡ small. (3) If we let t = 2 <*íXf, then ||i -r|| is small in each norm. Here we may assume that {F}} is a disjoint family. Therefore \\k -r|| is small in each norm, say less than e, and t is a simple function of the type considered in the first part of the proof. If T denotes the integral operator with kernel t we have ||iS: -T]^ < \\K -1% = \\k -t\\ < e and thus W^e+llTH^e + dlilU-riU)'/2 <e + (\\kl, + e)V2(\\k*\\Pi]/ + e)x'2.
This completes the proof.
Remarks. 1. The cases p = I andp = 2 of Theorem 3 are well-known results and we expected Theorem 1 to follow by interpolation.
2. Equality holds in Theorem 3 for k = Xax.b> »*• the result is sharp. 3 . If X and Y are discrete with the same mass at each point, say a for X and b for 7, then \\K\lj, < (aè)l/2~i/" 11*11;, holds. This can also be shown by interpolation. Conversely this inequality for arbitrary X and Y easily implies that the measures of nonnull sets are bounded away from zero. 4. If G is a locally compact group and <p G Ii(G) then Lç: g -* <p * g is an integral operator on L2(G) with kernel k(x,y) = <p(xy~x). In case G is compact Theorem 3 yields an elementary proof (modulo the Peter Weyl theorem) of the Hausdorff Young theorem for compact groups ( [6, (31.22) ], [9] ).
5. //"-Fourier transforms on semidirect products. It is possible to avoid separability assumptions and induced representations by employing the following device which is due to Godement. 
Theorem 4. Let G be a locally compact group which is a semidirect product of an Abelian locally compact group A and a compact group X acting on A. Then G has no compact open subgroups if and only if \\^P(G)\\ < 1 for some (hence all) p,l<P<2.
We note first that G is unimodular and that X, being compact, acts as measurepreserving automorphisms of A.
Proof. It is sufficient to prove that ||9¡,(G)|| < ||5^04)|| for a single value of p, 1 < p < 2. For if G had no compact open subgroups, neither would A since X is compact so that ||5¡,(j4)|| < 1 by the corollary to Theorem 2. The converse is contained in Theorem 1.
We fix on the value/? = 4/3 so that/ = 4. If / G %(G), then, from Lemma 2, / = Lf = ff Ufdx where Vf-can be taken to be an integral operator on g(e,x) , g E %(UX) and a computation, not unlike that for Lemma 2, yields UJ-as an integral operator with an appropriate kernel.
